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CALCULATION OF A JET AXIS I N  A DRIFTING FLOW 

G. S. Shandorov 

The a r t i c l e  d i scusses  de r iva t ion  of a s o l u t i o n  f o r  t h e  
problem of d e f l e c t i o n  of a j e t  which i s  sub jec t  t o  d r i f t  i n  
a uniform unbounded subsonic gas  flow. The s o l u t i o n  i s  
based on an a n a l y s i s  of fo rces  a c t i n g  on a j e t  element and 
i s  a p p l i c a b l e  t o  a s i n g l e  j e t  w i th  an o r i g i n a l l y  c i r c u l a r  
c r o s s  sec t ion .  

A series of works i s  known i n  t h e  l i t e r a t u r e  on t h e  experimental  i n v e s t i -  
g a t i o n  of t he  form of t h e  a x i s  corresponding t o  a s i n g l e  gas  j e t  i n  a sub- 
son ic  d r i f t i n g  flow. The r e s u l t s  of one such i n v e s t i g a t i o n  performed i n  t h e  
reg ion  of c h a r a c t e r i s t i c  parameters which a r e  common f o r  t h e  combustion cham- 
b e r s  of a v i a t i o n  gas  t u r b i n e s  were published by t h e  au thor  i n  1955 ( r e f .  1). 

/loo* 

Recently,  e f f o r t s  have been made t o  compute t h e o r e t i c a l l y  t h e  form of t h e  
a x i s  corresponding t o  plane f a n  and twin j e t s  i n  f r e e ,  d r i f t i n g  f lows based on 
t h e  c o n s i d e r a t i o n  of f o r c e s  which act  on the  elementary region of t h e  j e t  
( r e f s .  2 and 3 ) .  

We s h a l l  show t h a t  t h i s  approach t o  t h e  s o l u t i o n  of t h e  problem on the  
i n f l e c t i o n  of t h e  j e t  leads  t o  s a t i s f a c t o r y  r e s u l t s  i n  t h e  case when w e  have 
a s i n g l e  d r i f t i n g  j e t  whose i n i t i a l  c ross  s e c t i o n  i s  round and which propa- 
g a t e s  i n  a homogeneous i n f i n i t e  subsonic flow. 

For  t h i s  purpose we i s o l a t e  a j e t  element having a l eng th  d l  a t  some 
d i s t a n c e  from t h e  mouth of t h e  j e t ,  which i s  s i t u a t e d  i n  t h e  xoz plane ( f i g .  
1). We s h a l l  assume t h a t  t h e  aerodynamic f o r c e  which bends the  j e t  i s  propor- 
t i o n a l  t o  t h e  v e l o c i t y  head of t h e  normal v e l o c i t y  component of t h e  d r i f t -  
producing flow and i s  counterbalanced by t h e  c e n t r i f u g a l  fo rce .  Then t h e  con- 
d i t i o n  f o r  t h e  r a d i a l  equi l ibr ium of the  j e t  element d l  may be w r i t t e n  i n  t h e  
form 

PI+ 
whi dN= Sfn2&fd, dQ = lLdl dli are  t h e  aerodynamic and c e n t r i -  

R 4  
f u g a l . f o r c e s .  S u b s t i t u t i n g  the  expressions f o r  t h e  f o r c e s  a c t i n g  on t h e  ele- 
ment d l  i n t o  e q u a l i t y  (1) w e  o b t a i n  

where 
C,-sin - Q l  2 a=- do \ 

4s R ' I  

*Numbers given i n  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  fo re ign  t e x t .  
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(3) 

ql ,  q2, q are  t h e  v e l o c i t y  heads of the  flow producing t h e  d r i f t  of t h e  j e t  a t  

t h e  i n i t i a l  and running c r o s s  s e c t i o n s  respectivelv ca r ry  out  t he  s u b s t i -  
t u t  i ons 

v R -  
2 0.6 ' 

u' 
(1 +Y'  1 

sin a = 

Then equat ion  (2) w i l l  have t h e  form: 

2 

F i g u r e  1. Schematic of t h e  j e t  
i n  t h e  d r i f t i n g  flow. 



Before i n t e g r a t i n g  ( 4 )  w e  consider c a r e f u l l y  t h e  q u a n t i t y  Cn contained i n  

t h i s  equat ion.  

v a r i a b l e  q u a n t i t i e s  s, q and d a r e  contained i n  a d d i t i o n  t o  parameters q2 ,  do. 

It i s  known t h a t  a s  w e  move away from the  mouth t h e  decrease  i n  t h e  v e l o c i t y  
head of t h e  j e t  i s  accompanied by an inc rease  i n  i t s  c r o s s  s e c t i o n  so t h a t  t h e  
e f f e c t  of parameters q and d on the  quan t i ty  Cn i s  compensated f o r  t o  some ex- 

t e n t .  I n  o the r  words, we may assume tha t :  

I n  t h e  expression for Cn ( 3 ) ,  t h r e e  gene ra l ly  speaking, t h r e e  

/ l o 2  

A s  shown i n  re ference  1, the  pressure d i s t r i b u t i o n  around t h e  j e t  i n  t h e  
I d r i f t i n g  flow, which determines the  quan t i ty  when t h e  mouth of t h e  j e t  e n t e r s  

t h e  flow a t  an angle  a. = 90°, i s  a func t ion  of t he  r a t i o  of j e t  and flow i m -  

pact  pressures .  Figure 2 shows the  pressure d i s t r i b u t i o n  p r o f i l e  around the  
i n i t i a l  s e c t i o n  of t he  j e t  i n  t he  dimensionless coord ina tes :  

Here Apm i s  t h e  maximum r a r e f a c t i o n  around the  j e t ,  

Ap i s  the  s t a t i c  pressure  i n  excess of t h e  pressure  i n  the  unperturbed 
d r i f t i n g  flow, 

cp i s  t h e  angular  coordinate  of t he  considered po in t  on t h e  s u r f a c e  
around the  j e t ,  

(90 i s  t h e  angular  coord ina te  of the  point  a t  which t h e  pressure  i s  
equal  t o  the  pressure  of t h e  d r i f t i n g  flow, 

( ~ m  i s  the  angular  coordinate  of t he  point  where t h e  pressure  i s  equal  
t o  Ap,. 

For  t h e  range of r a t i o s  1.5 I, 92/41 I, 15 inves t iga t ed  i n  re ference  1, 

t h e  experimental  p o i n t s  l i e  p r a c t i c a l l y  on one curve. 
JLL <at- .-LA- W ' I S I L  > % the s p r e d  01 i i ~ e  p o i n t s  is l a r g e r  than  when i %, ana i n  
case  q2/q1 s 2 t h e r e  i s  a sys temat ic  depar ture  from t h e  curve due t o  t h e  in-  

c reased  i n f l u e n c e  of t h e  wal l .  For la rge  v e l o c i t y  i n  t h e  d r i f t  flow, t h e  j e t  
which e x i s t s  from the nozzle  "adheres" t o  t h e  w a l l .  The un ive r sa l  na tu re  of 
p re s su re  d i s t r i b u t i o n  must  obviously be v i o l a t e d  a l s o  when t h e  v e l o c i t i e s  of 
t h e  d r i f t  f low a r e  very small ,  because a s  i n  t h e  l i m i t i n g  case  corresponding 
t o  the f r e e  j e t ,  t h e  excess  p re s su res  a t  a l l  po in t s  of t h e  c ross  s e c t i o n  a r e  
t h e  same and a r e  equal  t o  zero.  

I n  t h e  r e a r  p a r t  of t h e  
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When us ing  t h e  un ive r sa l  p r o f i l e  f o r  t h e  pressure  d i s t r i b u t i o n  around t h e  
j e t ,  we must know t h e  r e l a t i o n s h i p s  lApm1/q2, cpo and % as  a func t ion  of t h e  

r a t i o  q2/ql. 

are shown i n  the  graphs of f i g u r e  3 . )  

(These r e l a t i o n s h i p s ,  which have been determined exper imenta l ly ,  

A s  we can see from t h e  graphs,  when t h e  r a t i o  q /q  changes, t h e r e  i s  a - / lo3 2 1  

s u b s t a n t i a l  deformation of t h e  pressure  diagram around t h e  j e t .  
of presented  experimental  d a t a  shows, however, t h a t  when q /q v a r i e s  from 1.5 

t o  15, t h e  v a l u e  of C, changes r e l a t i v e l y  l i t t l e : '  

The process ing  

2 1  

from 3.5 t o  4.5. It should 

a l s o  be pointed out t h a t  i n  r e fe rence  1 t h e  pressure  d i s t r i b u t i o n  around t h e  
mouth of the  j e t  w a s  determined by d ra in ing  t h e  nozzle  cu to f f  plane a t  a d i s -  
t ance  of 1.5 mm from t h e  circumference of t h e  output  hole .  Therefore  we can 
expect  a somewhat h igher  a c t u a l  va lue  f o r  Cx, s p e c i f i c a l l y  a va lue  of t h e  o r d e r  

of 4.2 - 5.2.  I n  t h i s  case  t h e  probable va lues  of C, according t o  (5) are 

equal  t o  2 . 7  - 3 . 3 .  

Assuming, i n  t h e  f i r s t  approximation, t h a t  t h e  magnitude of i s  cons tan t  

a long  t h e  l eng th  of t h e  j e t  and i s  t h e  same f o r  d i f f e r e n t  r a t i o s  q2/q1, w e  can 

e a s i l y  i n t e g r a t e  t h e  d i f f e r e n t i a l  equat ion ( 4 ) .  A s  a r e s u l t  we  ob ta in :  

The c o n s t a n t s  of i n t e g r a t i o n  C1, C2 a r e  obta ined  from t h e  boundary condi t ions :  

f o r  x = 0 ,  y = 0, y '  = tgao. 

It fo l lows  t h a t  

S u b s t i t u t i n g  t h e  va lues  of C 1 ,  C2 i n t o  equat ion  ( 6 ) ,  w e  f i n a l l y  ob ta in :  

'The l a r g e  va lue  of C, i s  explained by t h e  presence of r a r e f a c t i o n  behind t h e  
d r i f t  j e t  which s u b s t a n t i a l l y  exceeds t h e  one produced on the  s u r f a c e  of a 
s o l i d  c y l i n d e r  when t h e r e  i s  flow around i t .  

4 



Figure  3 .  Varia t ion  i n  t h e  maximum dimensionless  
r a r e f a c t i o n  a t  t h e  i n i t i a l  c r o s s  s e c t i o n  of t h e  
j e t  I Apml /q2  and i n  t h e  coord ina tes  and % a s  

a func t ion  of t h e  r a t i o  of impact heads i n  t h e  j e t  
and i n  t h e  stream. 

Figure  4 .  
angle  cyo = 60'. 
1 - 92/91 = 24.8, 

The c i rc les  des igna te  t h e  coord ina tes  which correspond t o  
axes  determined experimental ly  (according t o  d a t a  contained 
i n  r e fe rence  1.) 

Axes of t h e  j e t s  which e n t e r  t h e  flow a t  an 
The s o l i d  l i n e s  show the  computed axes:  

2 - 92/41 = 16, 
3 - q2/91 = 6-49 4 - qZ/ql = 2.5. 

i 
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Figure  4 shows t h e  axes of j e t s  computed by means of equat ion  (7) when 

a0 = 60°, 

experimental  va lues  of po in t  coordinates  corresponding t o  maximum v e l o c i t y  i n  
t h e  t r ansve r se  c r o s s  s e c t i o n s  of t he  j e t  ( r e f .  1 ) .  We can see t h a t  when 
C, = 3.0 t h e  computed axes o f  t h e  d r i f t i n g  j e t s  a r e  i n  good agreement wi th  t h e  

experimental  ones. This  confirms t h a t  t he  adopted s impl i fy ing  assumptions a r e  
v a l i d .  

= 3.0 f o r  va r ious  va lues  of 92/91. The same graph con ta ins  t h e  
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FLOW 

The a r t i c l e  d i scusses  d e r i v a t i o n  of a s o l u t i o n  f o r  t h e  
problem of d e f l e c t i o n  of a j e t  which i s  s u b j e c t  t o  d r i f t  i n  
a uniform unbounded subsonic  gas flow. The s o l u t i o n  i s  
based on an a n a l y s i s  of f o r c e s  a c t i n g  on a j e t  element and 
165 a p p l i c a b l a  C 0  a aingler j e c  wich an originally c i r c u l a r  
c r o s s  s e c t i o n .  

A series of works i s  known i n  t h e  l i t e r a t u r e  on t h e  experimental  i n v e s t i -  
g a t i o n  of t h e  form of t h e  a x i s  corresponding t o  a s i n g l e  gas  j e t  i n  a sub- 
s o n i c  d r i f t i n g  flow. The r e s u l t s  of one such i n v e s t i g a t i o n  performed i n  the  
reg ion  of c h a r a c t e r i s t i c  parameters which a r e  common f o r  t h e  combustion cham- 
b e r s  of a v i a t i o n  gas t u r b i n e s  were published by t h e  au tho r  i n  1955 ( r e f .  1). 

/loo* 

Recent ly ,  e f f o r t s  have been made t o  compute t h e o r e t i c a l l y  t h e  form of t h e  
a x i s  corresponding t o  plane f a n  and twin j e t s  i n  f r e e ,  d r i f t i n g  f lows based on 
t h e  c o n s i d e r a t i o n  of f o r c e s  which ac t  on the  elementary reg ion  of t h e  j e t  
( r e f s .  2 and 3 ) .  

We s h a l l  show t h a t  t h i s  approach t o  the  s o l u t i o n  of t h e  problem on t h e  
i n f l e c t i o n  of t h e  j e t  leads  t o  s a t i s f a c t o r y  r e s u l t s  i n  t h e  case  when w e  have 
a s i n g l e  d r i f t i n g  j e t  whose i n i t i a l  cross  s e c t i o n  i s  round and which propa- 
g a t e s  i n  a homogeneous i n f i n i t e  subsonic flow. 

For  t h i s  purpose we i s o l a t e  a j e t  element having a l eng th  d l  a t  some 
d i s t a n c e  from t h e  mouth of t h e  j e t ,  which i s  s i t u a t e d  i n  t h e  xoz plane ( f i g .  
1). We s h a l l  assume t h a t  t h e  aerodynamic f o r c e  which bends t h e  j e t  i s  propor- 
t i o n a l  t o  t h e  v e l o c i t y  head of t h e  normal v e l o c i t y  cor,?onent of t h e  d r i f t -  
producing flow and i s  counterbalanced by t h e  c e n t r i f u g a l  f o r c e .  Then t h e  con- 
d i t i o n  f o r  t h e  r a d i a l  equ i l ib r ium of the  j e t  element d l  may be w r i t t e n  i n  t h e  
form 

f u g a l - f o r c e s .  S u b s t i t u t i n g  t h e  expressions f o r  t h e  f o r c e s  a c t i n g  on t h e  ele- 
ment d l  i n t o  e q u a l i t y  (1) w e  o b t a i n  

where / 101 - 
*Numbers g iven  i n  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  f o r e i g n  t e x t .  
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D ( 3 )  

q l ,  q2 ,  

t h e  i n i t i a l  and running c r o s s  s e c t i o n s  r e spec t ive ly .  
t u t i o n s  

q a r e  t h e  v e l o c i t y  heads of the f l o w  producing t h e  d r i f t  of t h e  j e t  a t  

We ca r ry  o u t  t he  s u b s t i -  
(1 + y? )IS 

, bf' 
sin z = Y' * R= 

(1 + y 'p  j0.5 

Then equat ion  (2)  w i l l  have t h e  :om.: 

F i g u r e  1. Scheiilatlc of t h e  j e t  
i n  t h e  d r i f t i n g  f l o w .  

2 

0.2 

0 

- 0.2 

-0k 

- 0.6 

- QZ 

Figure 2 .  ?ressl;re distrLbaEFon 
aroufid t h e  i n i t i a l  c r o s s  s e c t i o n  
of  ~ h e  j e t  L n  t e r m s  of a i m n s i o n -  
less coozdina tes :  
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Before i n t e g r a t i n g  ( 4 )  we cons ider  c a r e f u l l y  t h e  q u a n t i t y  Cn contained i n  
e 

t h i s  equat ion.  I n  t h e  express;;. C_ ( 3 ) ,  t h r e e  gene ra l ly  s?eaking, t h r e e  
A, 

2'  do' v a r i a b l e  q u a n t i t i e s  C,, q and d a r e  contained i n  addieLon t o  parameters g 

It i s  known t h a t  a s  we move away from t h e  aouth t h e  decrease  i n  t h e  v e l o c i t y  
head of t h e  j e t  i s  a c c o q a n i e d  by an i n c r e a s e  i n  5:s c r o s s  s e c t i o n  so  t h a t  t h e  
e f f e c t  of ?u.'.tt81eters q anc 5 on t k e  qL;actity C i s  compensated f o r  t o  some ex- 

t e n t .  I n  o t h e r  words, we may assume tha t :  
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A s  shown i n  r e fe rence  1, the  presszre  d i s t r i b u t i o c  a r o c r d  t h e  j e t  i n  t h e  
d r i f t i n g  flow, which de te rn ines  t h e  q ~ a r , t i . ~ y  e.. when t h e  m o d C Z  of t h e  j e t  e n t e r s  

t h e  flow a t  an ang le  a0 = S C o ,  i s  a Lxzction of t h e  r a t i o  of J e t  and flow i m -  

p a c t  p re s su res .  F igu re  2 shows t h e  2rzssl;re d i s t r i b u t i o n  p r o f i l e  around t h e  
i n i t i a l  s e c t i o n  of t h e  j e t  i n  t he  dimensionless  coord ina tes :  

Here Apm i s  t h e  maximum r a r e f a c t i o n  a ro ixd  t h e  j e t ,  

Ap i s  t h e  s K G t i c  p r e s su re  i n  excess of t h e  p re s su re  ia t h e  unperturbed 

cp i s  t h e  angular  coord ina te  of t're considered pair;: on t h e  s u r f a c e  

'30 

cpm 

d r i f t i n g  fiow, 

around t h e  j e t ,  
i s  t h e  acguiar  coord ina te  02 the poin t  a t  whlch t h e  p re s su re  i s  
equal  t o  t h e  p re s su re  of t h e  d r i f t i n g  flow, 
i s  t h e  angular  coord ina te  of the  poin t  where t h e  p re s su re  i s  equal  
t o  Lipm. 

For  t h e  range of r a t i o s  1.5 5 q2/ql  S 15 i n v e s t i g a t e d  i n  r e fe rence  1, 

t h e  exper imenta l  2 o i n t s  l i e  p r a c t i c a l l y  oa one curve. I n  t h e  rear p a r t  of t h e  
j e t  when > 'pm :he spread of t he  poin ts  i s  l a r g e r  t han  r i x n  < cpm, and i n  
case 92/41  5 2 ;;.ere i s  a sys temat ic  depzr ture  from t h e  cilrvz due t o  t h e  i n -  

c r eased  i n f l u e n c e  of t h e  wall.  For  large v e l o c i t y  i n  tke d r i f t  f low,  t h e  j e t  
which e x i s t s  from t h s  r.ozz;e "adheres" t o  :he wall .  Ti-,? u n i v z r s a l  n a t u r e  of 
p r e s s u r e  d is t rL>-dt iorL mi;: obviously be v i o l a t e d  a l s o  when the v s l o c i t i e s  of 
t h e  d r i f t  f l o w  a r e  very smal l ,  because a s  i n  t h e  l i m i t i n g  case  correspoading 
t o  t h e  f r e e  j e t ,  :'ne excess  p re s su res  a; a i i  p o i n t s  of t h e  CYG.,S ssc:ion a r e  
t h e  same and a r e  equal  t o  zero.  

3 



When us ing  t h e  u n i v e r s a l  p r o f i l e  f o r  t h e  p re s su re  d i s t r i b u t i o n  around t h e  
v j e t ,  w e  must know t h e  r e l a t i o n s h i p s  jAp,j/q2, yo and 

r a t i o  q2/q1. 

as  a func t ion  of t h e  

(These r e i a t i o n s h i p s ,  which have been determined exper imenta l ly ,  

are  shown i n  t k  graphs of figure 3 . )  

A s  w e  can see  from t h e  gra?hs,  when t h e  r a t i o  q2/q1 changes, t h e r e  i s  a / l o 3  

s u b s t a n t i a l  deformation of t h e  pressure  diagram around t h e  j e t .  The process ing  
of presented  ex ie<AL. ,~L- , ic l  C ~ L L  s.,vvir, , ?Lab:cv~r,  L h u L  T~.-.C;I q2j  

t o  15, t h e  v a l u e  of (& changes relatively l i t t l e :  

a l s o  be pointed out t h a t  i n  r e fe rence  1 t h e  p re s su re  d i s t r i b u t i o n  around t h e  
mouth of t h e  j e t  was deteznined by dra in ing  t h e  nozzle  cu to f f  plane a t  a d i s -  
t ance  of 1.5 mn from t h e  circumference of  t h e  output  ho le .  Therefore  we can 
expect  a somewhat h igher  a c t u a l  va lue  f o r  Cx, s p e c i f i c a l l y  a va lue  of t h e  o r d e r  

of 4.2 - 5.2.  

varies f ~ o m  1.5 

1 . .  rrom 3.5 t o  L.5. It should 

I n  t h i s  ca se  t h e  probable va lues  of C, according t o  (5) a re  

equal  t o  2 . 7  - 3 . 3 .  

Assuming, i n  t h e  f i r s t  ap?roxina t ioc ,  t h a t  t h e  i r isgi i tule  of Cn i s  cons t an t  

a long  t h e  l eng th  or' tile j e t  aad i s  t h e  sane l o r  d i z f e r e a t  r a t i o s  q2/qi, we can 

e a s i l y  i n t e g r a t e  t h e  d i f f c r e n t i a l  equat ion (4 . ) .  
I 

A s  a r e s u l t  we ob ta in :  

- - - p * - :  j-v- - p 2 n  (7: X * ,  p 
; , u; T bca-- A ,  b i ,  bn-- 7- b 2 .  ( 6 )  

-=--.-.-;;~ Y 
4 3  c,: ' r  : L .  i q: cr;, ~ . 

The c o n s t a n t s  of LnteLra t ioa  2 C2 a r e  o b t a i n e l  froz t h e  3oundary cond i t ions :  i J  

f o r  x = 0 ,  y = 9, y '  = tgu,, u 

It fo l lows  K h a t  



1 

n r i g u r e  4 .  Axes of  the j e t s  which e n t e r  the flow at an 
a n g l e  = 6 C 3 .  The s o l i d  l i n e s  show t h e  co,..-,;ed axas:  
I - <2/Q = 24.3 ,  2 - 91/41 = i 6 ,  

'=he cLrcles designcze t h e  coo;Gina:es which c o r z e s p n d  L O  

axes i z te -mined  ex?erimental ly  (according to da ta  contained 
i n  re fszence  1.) 

3 - q,/ql = 6.4,  4 - q 2 / q 1  = 2.5 .  

5 
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F igu re  4 shows r'ne axes of j e t s  computed by means of equacion (7)  when 

experimental  val i les  of ?oLi;t coord ina tes  co r re spoz i ing  t o  maximun v e l o c i t y  i n  
t h e  t r a n s v e r s e  c r o s s  secLLons c2 t h e  j e t  ( r e f .  1). We can s e e  cha t  when 
Cn = 3.0 t h e  c o a p t e d  axes  of s5.e d r i f t i n g  j e t s  a re  i n  good agreement w i t h  t h e  

experimental  oiles. This c o n f i r m  tli?~; zhe adopted s i c q l i f y i n g  assunzptions a r e  
v a l i d .  
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